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Phase transitions of colloid-polymer systems in two dimensions
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Phase transitions of systems consisting of colloidal particles and nonadsorbing polymer in a solvent are
studied theoretically in two dimensions. The colloids are modeled as hard spheres and the polymer as an ideal
gas. The imbalance in osmotic pressure induced by the depletion effect gives rise to an effective attraction tail
for the colloid-colloid interaction. For a monodisperse polymer, liquid-liquid separation is predicted to occur
for appropriate colloid concentrations when the ratios of the radius of gyration of the polymer to the radius of
the colloidal particle is greater than 0.31, while solid-liquid separation is predicted to occur for all colloid
concentrations whens is smaller than 0.31. Polydispersity of polymer is found to increase the extent of
liquid-liquid coexistence, and when the averages is smaller than 0.31, and for appropriate colloid concentra-
tions, liquid-liquid coexistence occurs provided the polymer size distribution is broad enough. Partitioning and
size distribution of polymer in coexisting phases are also predicted.@S1063-651X~99!10712-8#

PACS number~s!: 82.70.Dd, 64.70.Ja, 64.70.Dv
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I. INTRODUCTION

Phase separation in colloidal suspensions, caused by
presence of nonabsorbing polymers, is a phenomenon of
damental interest@1–5#. A theoretical study of this phenom
enon was first made by Asakura and Oosawa@6# and further
elaborated by Vrij@7#. In the Asakura-Oosawa model, th
colloidal particles are assumed to be hard spheres and
polymers interpenetrate each other freely. The driving fo
for the attraction of colloidal particles is induced by the r
sulting imbalance in osmotic pressure, which occurs wh
two colloidal particles are so close to each other that
polymer can lie between them, giving rise to an effect
attractive force between the colloidal particles, called
depletion force~see Fig. 1!. At high enough polymer concen
trations, the suspension separates into a colloid-rich an
colloid-poor phase. Several techniques have been utilize
directly measure the depletion force, such as laser radia
pressure@8# and digital video microscopy@9–12#.

Previous studies@13–14# of the phase transitions of
colloid-polymer system used an effective pair interaction
which the depletion attraction is added to a repulsive h
core. Compared to the hard-sphere system consisting
colloidal suspension without polymer, the fluid-solid regi
is found to expand upon addition of polymer. For a lar
enough polymer to colloid size ratio, a fluid-fluid transitio
appears for a range of polymer concentrations. Althou
these predictions agree qualitatively with those of exp
ment @14–15#, the polymer concentrations corresponding
phase separation deviate significantly from experimental
ues.

Several assumptions on the properties and distributio
the polymer made in the effective potential approach are
lieved to account for the disagreement between theory
experiment. Lekkerkerkeret al. @16# studied polymer parti-
tioning between coexisting phases, which is ignored in
effective potential approach, by using scaled particle the
@17–18# and perturbation theory@19#. The polymer is sup-
posed to be at its theta condition, and the colloid particles
PRE 601063-651X/99/60~6!/7198~5!/$15.00
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again taken to be hard spheres. The only effect of the in
action between colloid and polymer is to restrict the fr
volume in which the polymer can move. Mean-field appro
mation is used to replace the free volume by its aver
value in the corresponding unperturbed system of colloi
particles. Nonpairwise additivity of the polymer-induced i
teraction, especially for large polymers, is also taken i
account. The location of phase boundaries is determined
various values of the polymer-colloid size ratio, and the p
dictions are found to be in closer agreement with experim
than those based on the effective potential@20#. More com-
plex systems including rodlike colloids@21#, colloids of a
size small compared to that of the polymer@22#, nonideal
polymer@23#, binary polymer mixture@24#, and polydisperse
polymer @25# have been studied in a similar fashion.

All above studies pertain to bulk, three-dimensional s
tems. Some recent studies have been made of the phase
sition of hard spheres in confined systems@26–28#, with an
interest in the fluid-solid transition. Fluid-fluid phase sepa
tion, which was observed@15# in three-dimensional hard
sphere systems with an attractive tail, was of course
found in these studies, because of the absence of any at
tive interaction.

In this work, we turn to two-dimensional systems consi
ing of colloidal particles and nonadsorbing polymers,
which the depletion force is taken into account, and stu
them using an approach similar to that of@16#. The effects of
the inevitable polymer polydispersity are also investiga
and the system is assumed to be strictly monolayered, w
cancels wall effects. In Sec. II, the model is introduced a
its assumptions and limitations are discussed. In Sec. III,
phase diagram for a system of colloid and monodispe
polymer is compared to that of a system in three dimensio
The effect of polymer polydispersity is also discussed.

II. MODEL

ConsiderNC colloidal particles andNP polymer coils in a
volumeV. The colloidal particles are assumed to be mon
7198 © 1999 The American Physical Society
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disperse and interact with each other as hard spheres o
ametersC , so that the colloid-colloid pair potentialfCC(r )
as a function of the separationr of the particle centers is

fCC~r !5 H 0
`

r .sC

r<sC . ~1!

The polymer is assumed ideal and at itsu condition. Poly-
mer coils thus do not interact and interpenetrate each o
freely.

The colloid-polymer pair potentialfCP(r ) is given by

fCP~r !5 H 0
`

r .~sP1sC!/2
r<~sP1sC!/2, ~2!

wheresP is twice the gyration radius of the polymer. Th
depletion force induced by this potential is illustrated in F
1. The coordinates of colloidal particles are denoted in
vidually by r i ( i 51, . . . ,NC) and collectively byr C . The
center positions of the polymers are denoted similarly byr k
(k51, . . . ,NP) andr P . The total colloid-colloid pair poten-
tial UCC(r C) is given by

UCC~rC!5(
i . j

fCC~r i2r j !. ~3!

UCP has a similar meaning.
The canonical partition function for the system is

Z5ZC* ZP* E d3rC

VNC
e2UCC /kBTE d3r P

VNP
e2UCP /kBT, ~4!

whereZ* ’s are the partition functions of ideal gases:

ZC* 5
1

NC! S V

lC
3 D NC

, ~5!

ZP* 5
1

NP! S V

lP
3 D NP

, ~6!

with lC and lP the de Broglie thermal wavelengths of th
colloid and polymer, respectively.

Consider the void function defined as.

FIG. 1. Illustration of depletion force induced by polymer. Th
polymers cannot penetrate the overlapping region if two colloi
particles are too close to each other.
di-

er

.
i-

c~r k ;rC!5)
i

uS ur k2r i u2
sC1sP

2 D , ~7!

where u(x) is the step function. The void function equa
zero whenr k is located in the excluded volume of spheres
radius (sC1sP)/2 centered on each colloid, and equa
unity whenr k is located in the free volumeVfree. The void
function c is a function of the collective colloid coordinate
and yields an expression for the free volume fraction:

a~rC!5
1

V E c~r ;rC!d3r . ~8!

The Boltzmann factor of the total colloid-polymer pote
tial can thus be expressed in terms of void functions as

expS 2UCP

kBT D5)
k

c~r k ;rC!. ~9!

Using the definition ofa, the partition function~4! can be
integrated overr P :

Z5ZC* ZP* E d3rC

VNC
e2UCC /kBTaNP~rC!. ~10!

To consider the partitioning of polymer, the colloid
polymer mixture is assumed to be in osmotic equilibriu
with a large reservoir containing a pure polymer solution
fixed chemical potentialmP . Since the chemical potential o
polymer, the temperature, and the total volume of the sys
are fixed, the proper thermodynamic ensemble is the se
grand canonical ensemble, with partition function given b

J~NC ,V,T,mP!5 (
NP50

`

eNPmP /kBTZ~NC ,V,T,NP!,

~11!

whereZ(NC ,V,T,NP) is the canonical partition function o
a system ofNC colloidal particles andNP polymers.

Substituting Eqs.~5! and~6! into J and summing overNP
gives

J5ZC* E d3rC

VNC
expF2UCC

kBT
1aPa~rC!VG , ~12!

whereaP is the polymer activity

aP5
emP /kBT

lP
3 . ~13!

In mean-field approximation, in which ther C-dependent
terms are replaced by their averages over the unpertu
colloid system, we get the thermodynamic potential

bV~NC ,V,T,mP!52 ln J

5bAC2aPaV, ~14!

where AC and a are both functions of the colloid volum
fraction h.

In the above, the polymer is assumed to be monodispe
The effect of polymer polydispersity can also be determin
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7200 PRE 60J.-T. LEE AND M. ROBERT
from Eq.~14!. Consider a mixture ofNC colloid particles and
a polymer with density functionrP(s), whererP(s) is de-
fined such that the number density of polymer coils of s
ssC is rP(s)ds. The potentialV is generalized for the
colloid/polydisperse-polymer mixture as follows:

bV~NC ,V,T,mP!5bAC~h!2E
0

`

aP~s!a~s,h!Vds.

~15!

The polymer size distribution is assumed to be given
the Schultz distribution function@29#

f ~s!5
1

z! S z11

s̄ D z11

sz expF2S z11

s̄ D sG , ~16!

with first moment

s15E
0

`

s f~s!ds

5 s̄, ~17!

and the parameterz in Eq. ~16! determines the broadness
the distribution. In the limitz→`, the Schultz distribution
tends to ad function centered ats5s1 , and Eq.~15! reduces
to Eq. ~14!.

Since the polymer is assumed to be ideal, its activ
which is also a function ofs, can be expressed as

aP~s!5
rR

v0
f ~s!, ~18!

whererR is the total polymer number density of a polydi
perse polymer system in a reservoir, which is in equilibriu
with the colloid-polymer system, andv0 is the volume of a
colloidal sphere.

Substitution of the polymer activity into Eq.~15! yields

bV~NC ,V,rR ;z,s1!

NC
5

bAC~h!

NC
2

rRaeff~h;z,s1!

h
,

~19!

whereh5NCv0 /V is the colloid packing density, andaeff is
defined as

aeff~h;z,s1!5E
0

`

ds f~s;z,s1!a~s,h!. ~20!

An approximate expression fora can be obtained by usin
Widom’s particle insertion method. Comparison with t
scaled-particle expression@17# for the chemical potentials o
a mixture of hard disks yields

a~s,h!5~12h!exp@2~2s1s2!g2~cs21s2!g2#,
~21!

in which g5h/(12h), c50.128 and use has been made
Kratky’s equation of state for hard disks@30#.

To calculate the colloidal compositionsh I andh II of the
coexisting phases, the equationsmC(h I ,rR)5mC(h II ,rR)
andP(h I ,rR)5P(h II ,rR) are solved numerically. The os
e

y

,

f

motic pressureP and the chemical potentialmC of the col-
loids can be derived from the grand potential

bPv052bv0S ]V

]V D
N,T,mP

5bPHDv01rRFaeff2h
]aeff

]h G , ~22!

bmC5bS ]V

]N D
V,T,mP

5bmHD2rR

]aeff

]h
, ~23!

wherePHD andmHD are the pressure and chemical potent
of a hard-disk system, respectively, and are calculated f
the equations of state for the hard-disk fluid and solid@30–
31#. The freezing and melting compositions of a hard-d
system are taken as references for the chemical pote
@32#. Thus, mC ~fluid! and mC ~solid! approach the same
value at the expected coexistence compositions in the
sence of polymer, namelyh (fluid)50.689, andh (solid)
50.724. It should be kept in mind that the solid phase is
crystalline, since long-ranged positional order is well know
to be impossible in two dimensions for short-ranged forc

III. RESULTS AND DISCUSSION

The coexistence curves in the~h, hP
R) plane, in which the

polymer volume fraction in the reservoir,hP
R , equals

pNPsP
2 /4V, are given in Fig. 2. Fors50.2 and 0.3, only

liquid-solid coexistence is observed. Fors50.4 and 0.5,
liquid-liquid coexistence and critical points occur at hig
enough polymer volume fractions, which are larger th
unity. Since in two dimensions the close-packing density
monodisperse polymers interacting as hard spheres is 0.

FIG. 2. Liquid-liquid coexistence for monodisperse polymer f
various values ofs. h is the volume fraction of colloid andhP

R is the
volume fraction of polymer in the reservoir. Bothh and hP

R are
dimensionless.
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PRE 60 7201PHASE TRANSITIONS OF COLLOID-POLYMER . . .
liquid-liquid equilibrium is predicted never to occur. How
ever, the polymers in the present model are assumed in
penetrable and noninteracting, and volume fractions ab
unity are therefore theoretically possible, although the
sumption of ideal behavior of polymer is clearly no long
valid at such high concentrations.

In Fig. 3, the phase diagram for the colloid-polymer sy
tem is shown in detail in the range 0.3,s,0.33. The mini-
mal size ratio for the system to exhibit liquid-liquid coexis
ence,sm , is found to be 0.31, which is slightly smaller tha
that found for the corresponding three-dimensional sys
@16,19#. The polymer volume fraction at the critical point i
again, larger than unity, implying that only liquid-solid co
existence could occur in a two-dimensional system. T
polymer volume fraction has been transformed torR

5hP
R/s2, which enables future comparison with polydisper

polymer systems~see below!.
For polydisperse systems, the first moments1 of the

Schultz distribution function@see Eqs.~16! and~17!#, which
reduces to the polymer size in monodisperse systems, is
average polymer size. Figure 4 shows the coexistence cu
for s150.4 for different values of the parameterz. Compari-
son of the latter with that of a monodisperse system~Fig. 2!
reveals that with decreasingz, i.e., with broader polymer size
distributions, the triple point is shifted toward higher collo
concentrations while the critical point is shifted toward low
colloid concentrations. Polydispersity is thus seen to incre
the extent of liquid-liquid coexistence. A similar trend
observed in three dimensions@27#. Moreover, for smaller
values ofz, liquid-liquid coexistence occurs at smaller valu
of rR . However, even for the broadest polymer-size dis
bution investigated here, the value ofrR at the critical point
lies again above that of closest packing, at whichrR55.65.
Thus, fors150.4, no liquid-liquid coexistence is predicted
occur, even in the presence of polymer polydispersity.

The coexistence curves for the polydisperse system w
s150.25 are shown in Fig. 5 for different values ofz. When
z,5, both liquid-liquid and liquid-solid coexistence a
found. The approximate value ofz below which liquid-liquid

FIG. 3. Determination ofsm ; detailed view of Fig. 2 for 0.3
,s,0.33.
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coexistence can occur is 4;5. Recall that only liquid-solid
coexistence occurs in the monodisperse system for this v
of s1 .

The occurrence of liquid-liquid coexistence in a tw
dimensional system thus appears to be a delicate ma
Polymers must indeed have an average size which is la
enough to induce strong enough depletion forces, but sm
enough to reduce the concentration needed at the cri
point. Polydispersity of polymer is also indispensable. T
values of the coefficient of variance~CV!, a normalized stan-
dard deviation~SD! defined by

CV5SD/Mean, ~24!

of the polydisperse polymers which induce liquid-liquid c
existence ats,0.31, are shown in Fig. 6. For polymers wit

FIG. 4. Effect of polymer polydispersity on liquid-liquid coex
istence fors150.4. h is the volume fraction of colloid.rR is the
total number density of the polydisperse polymer in the reserv
Both h andrR are dimensionless.

FIG. 5. Effect of polymer polydispersity on liquid-liquid coex
istence fors150.25.h is the volume fraction of colloid.rR is the
total number density of the polydisperse polymer in the reserv
Both h andrR are dimensionless.
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7202 PRE 60J.-T. LEE AND M. ROBERT
smaller average sizess1 , a larger coefficient of variance
which corresponds to a broader size distribution, is neede
produce liquid-liquid coexistence.

The partitioning of polymer size distribution in coexistin
phases is also studied. Figure 7 gives the size distribution
the polymers in the colloidal suspension at the triple po
for s150.2 andz51. The vertical line ats50.2 corresponds
to a monodisperse polymer. The polymer densityr(s) is
equal to ap(s)v0a(s,h) and thus determined from th
above. The partitioning and shifting of the polymer-size d
tributions are similar to those found in three dimensions@27#.

FIG. 6. Minimal polydispersity needed to induce liquid-liqu
coexistence, for different values ofs1 .
s,
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A colloid-rich phase has a higher polymer density than
colloid-poor phase. Furthermore, the polymer-size distri
tions are also different in the coexisting phases. The max
of the polymer-size distribution shift to lower values wi
increasing colloid densities, that is, smaller polymer co
have more free volume than larger ones in the colloid-r
phases, and thus occupy more space than the latter.
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FIG. 7. Polymer size distributions at the triple point fors1
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